The electrostatics of two cylinders charged to the same potential has two apparently distinct but equivalent solutions. Their equivalence follows from the uniqueness of the conformal mapping of a multiply connected region onto a circular annulus with concentric slits, up to a rotation of the annulus. Equivalence of the two solutions implies a triply-infinite identity (with two real variables and a real parameter). A special case of the imaginary part of this identity gives a one-parameter series for π .
Two-cylinder electrostatics
Two very different solutions exist to the electrostatic problem of two equal parallel cylinders held at the same potential [6, 2] . The purpose of this note is to show their equivalence, and to make explicit the identities which result from the equivalence. If we normalize the potential on the cylinders to unity, and let λ be the dimensionless ratio in Gaussian units of the total charge per unit length on the two cylinders to the potential on the cylinders, the Darevski [2] potential function becomes
, where
Here u and v are real bicylindrical variables (the two-dimensional analogue of bispherical coordinates; see for example [5] , where the same notation is used), related to the Cartesian coordinates x and y of Figure 1 (1) becomes
To evaluate the sum we shall use the facts that ( [4] , p97)
where v c cos = , and the ) (c T n are Chebyshev polynomials of the first kind. Integration of the generating function in (7) gives us
In equation (8) which shows that the expression in (6) is zero.
We also need to check that the expressions 
Thus infinity in the x, y plane corresponds to the origin in the u, v plane. For l >> r the leading term in both
In the Q Φ infinite sum (5) the dominant term as u and v tend to zero is that These expressions agree with each other, and with the potential at large distance from a cylinder carrying charge q per unit length, namely
Consequent identities
The equality of the potential functions , and hence the series in (25) converges exponentially with n.
Special cases
The central identity (20) The first term on the left of (26) needs to be replaced for There is an infinity of such special cases, of course. All of the identities, general and special, appear to be new.
Discussion
The identities we have presented follow from the uniqueness of the mapping of multiply connected regions on a circular annulus with concentric slits (Ahlfors [1] Section 5.1, p248; Henrici [3] Volume 3, Section 17.6). The solution of the Dirichlet problem is unique up to a rotation of the annulus (equivalently: up to a factor of unit modulus). It would be interesting to have a direct proof of the general identity, or even of the sub-identities obtained by taking special values of the variables u and v and parameter a u .
